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Abstract 

The examples of solutions of the system of differential equations generated by the Hopf 
map S 3 —>• S 2 are constructed. Their properties are discussed. 


1 Introduction 

The subject of our consideration is the system of ODE‘s in E 3 -space [1] 

4 zx — y (x 2 + y 2 + z 2 ) + 4 y 


d_ 

dt 


x(t) = 8 


d , . 

iM = 


(; x 2 + y 2 + z 2 + 4) 2 

4 zy + x (x 2 + y 2 + z 2 ) — 4 x 
(. x 2 + y 2 + z 2 + 4) 2 


d_ _ 24 x 2 + 24 y 2 - 8 - (x 2 + y 2 + z 2 ) 2 - 16 

dt p 2 + y 2 + z 2 + 4) 2 


( 1 ) 


associated with the Hopf map S 3 — > S 2 of three dimensional sphere with equation Z\Z\ + Z2Z2 = 1 
on two -dimensional sphere S 2 considered as set of the points [^, 1] of the complex space C 2 . 

As it was shown in [1] from the system (1) can be obtained the relation 

darctan(y(t)/a;(t)) 0 x z + y z + z z 


..2 . ,,2 ^ ..2 | 


dt 


( x 2 + y 2 + z 2 + 4) 2 ’ 


d(x(t) 2 + y(t) 2 ) = x 2 + y 2 

dt ( x 2 + y 2 + z 2 + 4) 2 

and with the help of which was made qualitative analysis of the behavior of integral curves of the 
system (1) . 

Here we consider properties of solutions of the system [1] more details. 
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2 Transformation 

Theorem 1 In spherical system of coordinates r, 0, if 


x(t) = r(t) cos (4>(t)) sin (if(t)), y(t) = r(t) sin (4>(t)) sin (ipft)), z(t ) = r(t) cos(/0(f)) 


the system of equations (1) takes the form 

-ch(t) = -8 ( r (*)) 2 - 4 

dt n) 16 + (r(f)) 4 + 8 (r(f)) 2 ’ 

d (( r(t )) 4 + 8 (r(f)) 2 - 64 (r(f)) 2 (sin(^(t))) 2 + 16) cos(^(t)) 

—= —--- 

dt W 16 + (r(t)) 4 + 8 (r(t)) 2 

d _ sin (?/(£)) ((r(f)) 4 + 40 (r(t)) 2 - 64 (r(f)) 2 (sin(^(t))) 2 + 16) 
dt r(t) (l6 + (r(t)) 4 + 8 (r(f)) 2 ) 


( 3 ) 


Now from the system (3) we obtain the equation 


— if{r)\ r 5 cos( , 0(r)) — 56 f 3 cos(^(r)) + 64 r3 (cos(^(r))) 3 + 


+16 f cos(tp(r)) + sin( , 0(r))r 4 — 24 sin('0(r))r 2 + 

+64 sin('0(r))r 2 (cos(V’(r))) 2 + 16 sin('0(r)) = 0, 

which after substitution 

■0(r) = arcsin(y / i/(r)) 

takes the form 


( 4 ) 

( 5 ) 



64 r 3 H(r) + 16 r) 


d_ 

dr 


H(r) + 2 H(r)r A + 80 H(r)r 2 


128 (H(r)) 2 r 2 +32 H{r) 


0 . ( 6 ) 


General solution of the equation (6) is determined from implicit relation 


4 C'/ Bessell( 0,1/2 \J H{r)r) + C 1 Bessell( 0,1/2 \JH(r)r)r 2 — 

—8 Ci Bessell( 1,1/2 ^ H (r)r) \J H (r)r + 4 5esse/i7(0, —1/2 ^H(r)r) + 

+BesselK(0, —1/2 \J Hfrfrfr 2 — 8 BesselK( 1, —1/2 \J H(r)r)\]H(r)r = 0, (7) 

where Cj is arbitrary. 

In result we obtain that the function ^(r) from (5) can be expressed through the function 
H(r) and then with a help of the first equation of the system (3) can be studied properties of the 
function (fir). 
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3 Associated p.d.e. 


Let us consider partial differential equation of first order which determine first integral <f>(r, 0, 0) = 
C of the system (3) 

d 

sin(0)r 4 + 24 sin(0)r 2 — 64 sin(0)r 2 (cos(0)) 2 — 16 sin(0)) —<f>(r, 0, 0) + 


d 

(—8 r 3 + 32 r) —<3>(r, 0, 0) + 


<90 


+ (cos(0)r 5 — 56 cos(0)r 3 + 64 (cos(0)) 3 r 3 + 16 cos(0)r) — <3>(r, 0, 0) = 0. 
v ' ' ' /or 

After substitution of the form 

0 = arcsin(£), $(r, 0, 0) = E(r , 0,0, 

<9 ( d \ 

—$(r,0,-0) = I Q£ E ( r ’ fat) J cos(0) 

and taking in consideration the condition 

cos(0) = 

we obtain from (8) the equation 


( 8 ) 


' d_ 
dr 


£(r,0,o) V 1 - ^ 2r " 5 + 8 (^(A0,o) ^1 - er 3 - 64 (|-£(r,0,o) V 1 " ^ 2 + 

+16 (jU(r,0,o) V 1 -^- 8 (^(A</>,0) r 3 + 32 ^£(r, 0, £)) r- 

- ^r 4 - 40 \/l~£ 2 £r 2 + 

+64 ^£(r,0,£)) - 16 ^£(r,0,o) = 0. 

It has solution of the form $(r, 0,0) = F 2 {<p) + H(r, 0), where 

d 


( 9 ) 


d(j) 


F 2 {4>) = c 2 


and the function iL(r, 0) satisfies to the equation 

^ ^ H(r,ip)\ cos(0)r 5 — 8 0)^ cos(0)r 3 + 16 (^^-iL(r, 0)^ r 3 cos(3 0) + 


dr 


dr 


+16 ( 0)^ cos(0)r — 8 c 2 r 3 + 32 c 2 r — (r, 0)^ sin(0)r 4 + 8 -^jH(r, 0)^ sin(0)r 2 — 


dr 


v 90 

—16 if(r, 0)"j r 2 sin(30) — 16 ^—-H(r,tp) \ sin(0) = 0 


( 10 ) 


where Cg is parameter. 
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3.1 The (u, v )-method of integration 

To derive particular solutions of the partial nonlinear differential equation 


Ui fxi fyi fxxi fxyi fyyi fxxxi fxyy-i fxxyi 

we use parametric presentation of the functions and variables 


= 0 


( 11 ) 


f(x,y) —> u(x,t), y->v(x,t), f x ->u x -—v x , f y 

v t Vf 


f _v v v t' f _v 
Jyy ^ .. i Jxy ^ 


v t 


(u x ——v x ) t (f) f 

v Vt x,t f , (f \ \JxJt , 

5 J XX 7 \jxjx u cr 


Vt 


Vt 


( 12 ) 


where variable t is considered as parameter [2], 

Remark that conditions of compatibility f xy = f yx are fulhlled at the such type of presentation. 
In result instead of equation (11) one gets the relation between the new variables u(x, t), v(x, t) 
and their partial derivatives 

^(u,v,u x ,u t ,v x ,v t ...) = 0. (13) 


This value coincides with the initial equation under the condition that v(x,t) = t and takes a 
more general view in the choice of u(x,t) = F(u>(x,t),uj t ...) and v(x,t) = &(u)(x,t),u> t ...). 

In some cases the integration of equation (13) is a more simple problem than the equation 

( 11 ). 

With help of solutions of equation (13) u(x,t), v(x,t) the solutions of initial equation (11) 
f(x,y) are obtained by exclusion of the parameter t from the conditions 


f(x,y) = u(x,t), y = v(x,t). 


(14) 


Next, we apply this method for integrating equations (10). 

In result of transformation of the function Hpr, ip) and its derivatives with accordance of the 
rules (12) 

H{p,ip) = u(£,ri), r = v(£,ip) 


; H (r ,-0) = 


^(p,ip) 


&{£,■*)' diP ±±V ' W> d^ r> JLviM) 

the equation (10) takes form of the relation between the functions u(p,ip) and v(xi,ip) 


= l-uit A) 


(15) 


(8 sin(V>){ 2 - sin(i/>)£ 4 


16£ 2 sin(3^>) — 16 sin 




+ (sin(^)^ 4 - 8 sin(ip)p 2 + 16 £ 2 sin(3 VO + 16 sin(^)) Trr v (P,' ( P)+ 


M 


dip 


d 

+ (l6 cos{ip)p — 8 cos(^)£ 3 + cos (ip)p 5 + 16 £ 3 cos(3 ip)') —«(£, ip) — 


dp 


d 


d 


dp 

where the variable £ is considered as parameter. 


8 c 2 £ 3 — v(p, ip) + 32 c 2 p t^v(P, ip) = 0, 


<9£ 


(16) 
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From here we can obtain the p.d.e by various ways. One of them can be obtained after the 
substitution of the form 


O r\ 

v(£, */>)=£ g^P(Z’ - P(£i ^)> '•/>) = Q£p(t’ 


that leads to the equation 


r) 

(sin(?/>)£ 4 — 8 sin(^>)£ 2 + 16£ 2 sin(3V0 + 16 sin(^)^ — p(£,ip)+ 

+£ 6 cos(^) — 8 £ 4 cos(ip) + 16 £ 4 cos(3 ip) + 16 £ 2 cos(ip) — 8 c 2 £ 3 + 32 c 2 £ = 0 

to the function p(£, ip). 

Solution of this equation has the form 


p(f,V0 = 


£ 5 ln(x) 


+ 


+16 


16 + 40 £ 2 + £ 4 

£ 3 ln(£ 4 y 4 + 2 £ 4 y 2 + £ 4 + 40 £ 2 y 4 - 176 £ 2 y 2 + 40 £ 2 + 16 y 4 + 32 y 2 + 16) 


+8 


£ 3 ln(y) 


16 + 40^ 2 + ^ 


16 + 40 £ 2 + £ 4 
- i ln(y 2 + 1) + 16 


i ln(y) 


16 + 40 £ 2 + ^ 


—64 _c 2 £ 6 arctan(l/32 


2 y 2 (16 + 40 £ 2 + £ 4 ) + 32 - 176 £ 2 + 2 £ 4 

V16f 2 -24f 4 +7 

-i 1 


lx 


x O+« e+i> y vm? 


24^ + e 


c 2 £ 4 ln(y) 


16 + 40 £ 2 + £4 


+256 c 2 £ 4 arctan(l/32 


2 y 2 (16 + 40 £ 2 + £ 4 ) + 32 - 176 £ 2 + 2 £ 4 

V16f 2 -24f* + F 

-i 1 


lx 


x (l« + 40^ + +- 

+32 


2 — 24 £ 4 + £ 6 

c 2 e 2 hi(y) 

-2771 + 


(17) 


(18) 


(19) 


16 + 40 f 2 + £4 

where y = tan(l/2^>) and F? (£)-is arbitrary. 

On base of of solutions of the equation (19) can be find the functions u(£,ip) and v(£,ip) from 
(17) and then get solutions of the equation (10) in parametric form 


H(r, ip) = u(£, ip), r — v(£, ip). 
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